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Abstract. A contact manifold is a manifold equipped with a distribution of codimension one 
that satisfies a "maximal non-integrability" condition. A standard example of a contact structure 
is a strictly pseudoconvex CR manifold, and operators of analytic interest are the tangential 
Cauchy-Riemann operator dt and the Szego projector onto the kernel of cV The Heisenberg 
calculus is the pseudodifferential calculus originally developed for the analysis of these operators. 

We introduce a "non-integrability" condition for a distribution of arbitrary codimension that 
directly generalizes the definition of a contact structure. We call such distributions polycontact 
structures. We prove that the polycontact condition is equivalent to the existence of nontriv- 
ial projections in the Heisenberg calculus, and show that generalized Szego projections exist 
on polycontact manifolds. We explore some geometrically interesting examples of polycontact 
structures. 

1. Introduction 

Geometers have considered various ways to define contact structures in codimension 3. This 
paper is a contribution to this consideration from an analytic perspective. We propose here a 
notion of "contact structure" for distributions of arbitrary codimension. Roughly speaking, a 
polycontact structure is a distribution that is "maximally twisted" or "maximally non-integrable" 
(the precise definition is in section [2]) . Our definition is a straightforward generalization of the 
usual notion to higher codimensions. It is remarkable that this simple-minded generalization is 
equivalent to a non-trivial analytic property. 

Theorem 1. Let M be a compact connected manifold with distribution H £ TM . Then there 
exist projections in the algebra of Heisenberg pseudodifferential operators on M that have infinite 
dimensional kernel and range if and only if H is polycontact. 

Idempotents in the algebra of classical scalar pseudodifferential operators are either smoothing 
operators, or of the form 1 - x where x is smoothing. They have either finite dimensional range 
or finite dimensional kernel. But as is well-known, on contact manifolds there exist generalized 
Szego projections, which have infinite dimensional kernel and cokernel. These projections can 
be constructed as Heisenberg pseudodifferential operators (see [EM03]). The construction of 
generalized Szego projections generalizes rather easily to polycontact manifolds, and Theorem 
Q] implies that polycontact manifolds are precisely those for which generalized Szego projections 
can be defined in the Heisenberg calculus. Given this striking analytic fact, we suspect that 
these structures must have interesting geometric properties as well. 

In various ways, polycontact structures are geometrically similar to contact structures. The 
Heisenberg group is a standard example of a contact manifold, and nilpotent groups of Heisenberg 
type are examples of polycontact structures, and they exist in any codimension. An observation 
due to Sean Fitzpatrick is that a distribution H is polycontact iff the normal bundle N* \ is 
a symplectic submanifold of T*M. The fact that polycontact manifolds have generalized Szego 
projections as well as a symplectization suggests that they fit very nicely in the framework of 
Toeplitz structures developed by Boutet de Monvel and Guillemin [BG81], a connection we will 
explore elsewhere. Biquard's quaternionic contact manifolds are polycontact, and we identify the 
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extra geometric structure (a compatible conformal structure in the distribution H) that char- 
acterizes quaternionic contact structures among general 3-polycontact structures. We suspect 
that conformal polycontact manifolds share many of the geometric properties of quaternionic 
contact manifolds. It is also interesting that any strictly pseudoconvex real hypersurface in a 
hypercomplex manifold is 3-polycontact, while in general it may not be quaternionic contact. 
Another example of polycontact structures are the fat bundles introduced by Alan Weinstein. 
Roughly speaking, fat bundles have a lot of curvature, as opposed to flat bundles which have 
no curvature. For example, a bundle with structure group S* 1 is fat if and only if its curvature 
defines a symplectic form on the base (which of course means that the total space is contact). 
We will see that, in general, a connection on a principal bundle is fat if and only if its horizontal 
distribution is polycontact. 

A result of independent interest is a characterization of polycontact structures in terms of the 
structure theory of the C*-algebra — the closure in operator norm of the algebra ^° H (M) 
of order zero Heisenberg pseudodifferential operators. We show that for a compact polycontact 
manifold the C*-algebra has a decomposition series consisting of only two sequences, 

-> I* H -» V* H -» C(S*H) -» 

o^ic^r H -+C(S*N,JC) ^0 

In [Dy78], Alexander Dynin announced this result for contact manifolds, and we prove it here for 
all polycontact manifolds. Thus, the polycontact condition is equivalent to a simple structural 
feature of the C*-algebra ^>* H . 

Acknowledgements. I thank Sean Fitzpatrick for carefully reading the manuscript, catching 
some errors, and suggesting some interesting geometric examples and properties of polycontact 
structures. The term polycontact structure was suggested by Alan Weinstein. I especially thank 
the anonymous referee for numerous suggestions that greatly improved the exposition of the 
paper. 

2. Polycontact Structures 

A contact form on a manifold M of dimension 2m + 1 (m > 1) is a 1-form 9 such that 9{d9) m 
is a nowhere vanishing volume form on M. A distribution H c TM defines a contact structure 
on M if it is the kernel of a contact form, at least locally. We generalize this definition to higher 
codimensions as follows. 

Definition 2. A polycontact structure on a smooth manifold M is a distribution H c TM (of 
corank at least 1) such that if 8 is any nonzero one- form that vanishes on H (9 may be defined 
only locally), then the restriction of d9 to H is nondegenerate. 

Associated to any distribution H is an anti-symmetric bilinear bundle map 
B : HxH 

induced by Lie brackets of vector fields, i.e., 

B m (X(m),Y(m)) = [X,Y](m) modH m 

where m e M and X, Y are two vector fields in H. We will refer to this map as the Levi form 
of H . It is also sometimes referred to as the "curvature" or "twistedness" of H. The following 
lemma says that H is polycontact if it is "maximally twisted" . 

Lemma 3. The following are equivalent: 

(1) H defines a polycontact structure. 

(2) For every m e M and 9 e N* t \ {0} the bilinear from 9 o B m :H m x H rn -*■ M is non- 
degenerate. 
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(3) The dual Levi form 

B* : N* -» A 2 H\ B* m {9) = 6oB m , 9 t N* m 

is injective and maps non-zero vectors in to symplectic forms on H m . 

Proof. From d9(X,Y) = X.9{Y) - Y.9(X) - 6([X,Y]) it follows that for two vector fields X,Y 
in H we have d9(X, Y) = -9([X, Y]). Therefore 9 o B m is just the restiction of -dO to H m . 

□ 

As we shall see, polycontact structures are characterized by the existence of generalized Szego 
projections. From a purely geometric point of view it is interesting that polycontact structures 
are characterized by the existence of a canonical symplectization. The following observation is 
due to Sean Fitzpatrick and the proof given here was suggested by Alan Weinstein [Fill]. 

Proposition 4. Let H c TM be a distribution of corank p > 1. Then N* \ is a symplectic 
subspace of T* M (with respect to the canonical symplectic structure ofT*M) if and only if H 
defines a polycontact structure. 

Proof. Let X±, . . . ,X q be a local frame for the vector bundle H. The corresponding functions 
fi(m,9) = 9(Xi(m)) for (m,9) e T*M are defining functions for N* \ c T*M \ 0. In general, 
a submanifold of a symplectic manifold with defining function f\ , . . . , f q is symplectic if and 
only if the matrix Aj,- = {fi,fj} of Poisson brackets is nondegenerate at each point. Because 
{fxJr} = f[x,Y], w e see that here 

A i3 {m,9) = {f i J j }{m,9) = 9{[X i ,X j ]{m)) = 9oB m {X i {m),X j {m)) 

Thus, the matrix A(m,9) is nondegenerate if an only if 9 o B m is. □ 

The local model for contact manifolds is the Heisenberg group with its standard translation 
invariant contact structure. Likewise, polycontact structures are intimately related to certain 
two-step nilpotent groups. However, for polycontact manifolds nilpotent groups are only 'mi- 
crolocal' models, not necessarily local models as in the case of corank 1. 

The Levi form can be interpreted as a Lie bracket on g m = H m x N m (where N m is central in 
g m ), making Q m into a graded two-step nilpotent Lie algebra. The corresponding group structure 
on G m = H m x N n is defined by 

1 

(h, n){h ,n ) = {h + h ,n + n + —B m (h, h )), h,h e H m , n,n e N m . 

We refer to the group G m as the tangent group of the distribution H at m e M. 

On G m consider the left translation invariant distribution corresponding to the degree 1 
subspace H m c Q m = ToG m . This distribution is polycontact iff the bracket B m satisfies the 
conditions of Lemma [3j In this case we will call the group G m a polycontact group. The 
distributions on the tangent groups G m are microlocal approximations of the distribution on the 
manifold M, and (M,H) is a polycontact manifold iff all its tangent groups are polycontact. In 
corank 1 the Heisenberg group is the only polycontact group, but in higher coranks the tangent 
group may vary from point to point. 

Finally, observe that a polycontact structure satisfies the much weaker condition that the 
bracket B m is onto, and therefore H + [H, H] = TM. Thus H satisfies the Hormander bracket 
condition, which is an important condition in sub-Riemannian geometry. 

3. Examples 

In this section we discuss several examples of polycontact structures. The natural place to 
start is to look for nilpotent groups with translation invariant polycontact structure. Groups of 
Heisenberg type provide a large class of examples, proving that polycontact structures exist in 
any codimension. We then consider geometric structures on manifolds that are closely related 
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to polycontact structures: fat connections, hypersurfaces in quaternionic domains, quaternionic 
contact manifolds, and polycontact CR structures. 

3.1. Heisenberg Type Groups. A nice class of examples of polycontact groups are the Heisen- 
berg type groups introduced by Aroldo Kaplan in [Ka80]. Kaplan defined these groups in con- 
nection with the study of fundamental solutions of sublaplacians on nilpotent groups. Here we 
describe examples of Heisenberg type groups with center of arbitrary dimension p. These exam- 
ples illustrate that polycontact structures exist in any codimension. For a general discussion of 
Heisenberg type groups and their properties, see [CDR91, Ka80, Ka83]. 

Definition 5. A simply connected, connected two-step nilpotent Lie group G = V x W is of 
Heisenberg type, or of H-type, if [V, V] = W and if V and W can be equipped with positive 
definite inner products such that for every w € W with \\w\\ = 1 the endomorphism J w e End(y) 
defined by 

(J w v,v) = (w, [v,v']) 

is orthogonal. 

Clearly every Heisenberg type group is polycontact, since (v,[w,w']} = 6 o B(w, w') with 
6 = (v,-)eW*. 

Observe that since the Lie bracket is antisymmetric we must have jj = -J v , and so orthog- 
onality of J v amounts to J 2 = — 1. Definition [5] can be made more explicit as follows. Choosing 
an orthonormal basis for W = MP amounts to choosing p endomorphisms J\, . . . , J p e End(M' ? ) 
that satisfy the relations 

2 T 

■h = -1 > Jk = ~>h, JkJi = -JiJk, Vk VI* k 

If we let Uk(v,w) - (Jp.v,w) be the symplectic form associated to Jk, then the bracket of a 
Heisenberg type Lie algebra is obtained by letting 

[v,w] = (Ul(v,w), U)2(v,w), . . . , UJ p (v,w) ) et P t),M)£l 5 

Note that every polycontact group can be presented in this way, by choosing p symplectic forms 
U)i, u>2, ■ ■ ■ ,oj p on M. q . However, it is not sufficient to choose p linearly independent forms. Linear 
independence merely guarantees that any nontrivial linear combination c\U)\ H V c p oj p is non- 
zero. We need to satisfy the much stronger condition that all nontrivial linear combinations 
c\OJ\ + ••• + CpLOp are nondegenerate. 

For this reason it is convenient to work with the complex structures Jk instead of the sym- 
plectic forms u>k- Choosing orthogonal complex structures Jk that satisfy the desired anticom- 
mutation relations amounts to choosing a representation of the Clifford algebra Cl(M. p ) on the 
vector space M. q . The Clifford algebra Cl(M. p ) is the universal (real) algebra generated by vectors 
iceP with relations w 2 = - \\ w \\ 2 . To find p endomorphisms J\ , . . . , J p with the desired prop- 
erties, choose a representation c :C7(R P ) -*■ End(M m ) of the Clifford algebra. A representation 
exists for every value of p, and depending on the value of p there exist only one or two irreducible 
representations, up to equivalence. The dimension m of any irreducible representation of Cl{W) 
is the smallest number of the form m = 2 As+t with t = 0,1,2,3 such that p < 8s + 2*. In fact, 
the space A 2 R 9 contains a p-dimensional subspace of symplectic forms iff q > m (a result due 
to Hurwitz, Radon, and Eckmann; see [Hu66] Ch.ll, Thm.8.2). Thus, the irreducible Clifford 
algebra representations realize the minimal possible value m= q, and any p-polycontact manifold 
must at least be of dimension p + m. 

Now let Ji, . . . J p e End(M m ) be the orthogonal anticommuting complex structures on M. m ob- 
tained from an irreducible representation of Cl(M p ). Identify M. mn = (M. m ) n by using coordinates 
v = (vi , . . . , v n ) with Vi e M. m . Then we denote by 

C(p,n) = R mn xRP 
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the Heisenberg type group whose bracket is defined by the relation 

n 

[v,w] =Y,({JiVi,Wi), (J 2 Vi,Wi},..., (J p Vi,Wi)) 6R P , v,w€(R m ) n 

i=l 

If p = 1 the only irreducible representation of C7(R) = C is R 2 with a choice of complex structure 
J 2 = -1. Identifying R 2 = C, J = i, we see that (v, Ju;} = Imvw, and the group C(l, n) is just the 
Heisenberg group with group operation 

1 / n -\ 

(v, w)(v',w') = (v + v',w + w' + -Im^Y^Viv'ij), v,v' e C n , w,w' e R. 

The same formula defines the group operation for the quaternionic Heisenberg group H n x ImH 
and the octonionic Heisenberg group O n x ImO. In fact, we have isomorphisms 

C(l,n) sCxImC, C(3,n) = H n x ImH, C(7,n) = O n x ImO. 

Recall that the two non-equivalent irreducible representations of the Clifford algebra C7(R 3 ) on 
R 4 are obtained by identifying R 3 = ImH and then letting ImH act by either left multiplication 
on R 4 = H, or by right multiplication with the negative vector. The groups C(3,n) that result 
from either choice of representation are isomorphic. To see that it is the quaternionic Heisenberg 
group one only needs to verify that 

vw = (v, w) + (v, iw) i + (v,jw)j + (v, kw) k, v, w € H 

To see that C(7,n) = O n xlmO we identify the irreducible representation space R 8 of the Clifford 
algebra C7(R 7 ) with the octonians. As before, one lets vectors in R 7 = ImO act by (left or 
right) octonionic multiplication on R 8 = O. While octonion multiplication is not associative, it 
is bi- associative, i.e., any sub-algebra generated by two elements is associative (because it is at 
most four dimensional). Therefore the desired equality w(wv) = (w 2 )v - -v holds for imaginary 
octonions w £ ImO of unit length, because then w 2 = - \\w\\ 2 . (For a nice discussion of octonions, 
see [Ba02, CS03].) 

The codimension of a polycontact structure does not have to be odd. For example, with 
K = R,C,H,0 let 

G = K 2n x K. 

Then a two-step nilpotent Lie bracket can be defined by a kind of generalized 'symplectic form' 
co, given by 

n 

u> ■ K 2n x K 2n -> K ; uj(u, v) = Y, u i Vi+n ~ Vi u i+n . 

i=l 

If K = R then u is the standard symplectic form on R 2n , and we recover the Heisenberg group. 
The groups K 2n x K are of Heisenberg type, and are therefore examples of nilpotent groups with 
polycontact structures of codimension 1,2,4,8 respectively. We leave it as an exercise to verify 
that 

C(2,n)^C 2n eC, C(4,n) =H 2 "©H, C(8, n) = 2n © O. 

Remark. Every Heisenberg type group with center of dimension p is associated to a (finite 
dimensional) representation of the Clifford algebra Cl(R p ), and equivalent representations de- 
termine isomorphic groups. Clifford algebra representations are completely reducible as a direct 
sum of irreducible representations, and depending on the value of p there are either 1 or 2 non- 
equivalent irreducible representations. So given the dimension of the group and of the center 
there are only finitely many Heisenberg type groups. If p is not equal 3 modulo 4 there is only 
one irreducible representation of Cl(W), and the groups C(p,n) are the only Heisenberg type 
groups. If p = 3 mod 4 there are two nonequivalent irreducible representations of Cl(M p ), and 
the isomorphism class of the corresponding Heisenberg type group G = R mri x RP depends on the 
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type of representation. It is not hard to see that the two possible isotypical representations of 
Cl(W) on M. mn determine isomorphic groups. These are the groups C(p,n) discussed here. (For 
the representation theory of Clifford algebras see [Hu66, LM89].). 

At the end of the paper in which Kaplan first introduced groups of Heisenberg type he briefly 
considered a larger class of two-step nilpotent groups (condition (18) in [Ka80]) that is easily 
seen to be equivalent to the class of polycontact groups. Kaplan's remarks show that polycontact 
groups are precisely those (connected, simply connected) two-step nilpotent Lie groups for which 
the sublaplacian is analytically hypoelliptic. 

It is interesting to identify what distinguishes Heisenberg type groups among all polycontact 
groups. This will help us identify, for example, the difference between a quaternionic contact 
manifold (modeled on C(3,n) = H n x ImH) and a general 3-polycontact manifold. 

Proposition 6. Let G = V *W be a two-step connected, simply- connected nilpotent group. Then 
G is of Heisenberg type if and only if it is polycontact and there exists a conformal structure on 

V that is compatible with the symplectic forms cug(v,v') = 0([v,v']) for all nonzero 9 e W* \ {0}. 

Remark. A symplectic form uj is compatible with a positive quadratic form q on a vectorspace 

V if there exists a complex structure J on V (J 2 = -1) that is orthogonal with respect to q and 
such that u(v,v') = q(v,Jv'). A symplectic form is compatible with a conformal structure if 
there exists a quadratic form compatible with both. 

Proof. It is obvious from the definition that Heisenberg type groups have a compatible conformal 
structure in V. We need to show the converse. Suppose that G is polycontact and that V has 
a compatible conformal structure. Choose a corresponding positive-definite quadratic form q on 

V and let Jg e End(F) be such that 

uj g (v,v') = q(v, Jev'). 

We have orthogonality J e = - Jg because uiq is antisymmetric. If 9 t then ujq is nondegenerate, 
which implies that Jg is invertible and J| = -Jjjg < is strictly negative. Since ojq is compatible 
with q, it follows that jjj is a negative scalar multiple of the identity. 
The normalized trace 

<^'> = :F^ trace ( J ^')- 

dim V 

defines a positive definite quadratic form on W. If (9,9) = 1 we obtain j| = -Jjjg = -1. This is 
the defining property of a Heisenberg type group. 

□ 

While Kaplan's remark in [Ka80] suggests that the class of polycontact groups is strictly larger 
than the class of Heisenberg type groups, it is not so easy to construct examples of polycontact 
groups that are not ii-type. While If- type groups are 'rigid', in the sense that their isomorphism 
classes come in discrete families, the moduli space of polycontact groups is 'wild' (they come in 
continuous families). This question is addressed in [LT99]. 

3.2. Strictly Pseudoconvex Hypersurfaces in a Quaternionic Domain. It seems that 
any reasonable generalization of contact structures to higher codimensions should at least include 
the unit sphere in quaternionic vectorspace. For a point a e S 4m+3 c H m+1 let H a be the largest 
linear subspace of T a S +s that is invariant under the complex structures I,J,K on M 4m+S . 
It is well-known (see [Mo 73]) that the manifold with distribution (S 4m+S ,H) is the one-point 
compactification of the quaternionic Heisenberg group W 71 x ImH with its standard codimension 3 
distribution, just as the unit sphere in C m+1 is contactomorphic to the Heisenberg group C m xl. 
It follows that 5 4m+3 is a 3-polycontact manifold. 
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Denoting (p, q) = (pi,P2i"'iPmil) e H m+ we can write an explicit 3-contactomorphism as 

/ : S 4m+3 s {(0, -1)} - BT x ImH, f(p, q) = ((1 + q^p, Im(l + q)' 1 ) . 

The exercise to verify that this is a 3-contactomorphism is not entirely trivial due to the noncom- 
mutativity of quaternion multiplication. It is, however, rather easy to show that any ellipsoid 
in HI m+1 is a 3-polycontact manifold. In fact, any strictly pseudoconvex real hypersurface in a 
quaternionic domain is 3-polycontact. 

Proposition 7. Let M be a real codimension one submanifold in a hypercomplex manifold 
(X,I,J,K) which is strictly pseudoconvex for any of the complex structures L = al + bJ + cK 
on X with a 2 + b 2 + c 2 = 1. Then the distribution H which is the largest subspace ofTM that is 
invariant under the complex structures L,J,K is a 3-polycontact structure on M. 

Proof. The Levi- form on H for each of the complex structures L = al + bJ+cK is nondegenerate. 
But the Levi form for L is just the bracket map B: H x H -*■ N composed with the functional 
(a, b, c) in an appropriate basis for N* . Those functionals span N* , and so the bracket B satisfies 
the 3-polycontact condition. □ 

The tangent groups of a strictly pseudoconvex hypersurface in a quaternionic domain are not 
necessarily isomorphic to the quaternionic Heisenberg group. In other words, these hypersurfaces 
provide examples of 3-polycontact manifolds that are not quaternionic contact. 

3.3. Quaternionic Contact Manifolds and 3-Sasakian Manifolds. Geometers have ex- 
perimented with various definitions of contact structures in higher codimension, primarily (or 
almost exclusively) in codimension three. As Geiges and Thomas explain in [GT95], these at- 
tempts were motivated by the existence of quaternionic analogs of complex and kahler manifolds. 
Hypercomplex, quaternionic kahler, and hyperkahler manifolds arise as Riemannian manifolds 
with special holonomy groups. Since boundaries of complex manifolds may carry a contact struc- 
ture, so boundaries of hypercomplex manifolds should carry a 3-contact structure of some sort. 
The hypercontact structures of Geiges and Thomas, however, are not necessarily polycontact 
(although all the key examples of hypercontact manifolds listed in [GT95] are polycontact). 

As is well-known, boundaries of rank one symmetric spaces carry a Carnot-Caratheodory 
metric, and their structure is closely related to specific Heisenberg type groups. For example, 
complex hyperbolic space M = CH m+1 is a symmetric space with a hyperbolic kahler metric. 
The spherical boundary at infinity dM = S 2m+1 has a natural contact structure, induced by the 
asymptotics of the kahler metric on CH m+1 . Quaternionic hyperbolic space M = M.H m+1 is a 
symmetric space with a hyperbolic hyperkahler metric. Just as in the complex case, the boundary 
sphere dM = S 4m+3 has a natural distribution H, which arises by the same asymptotic procedure 
that defines the contact structure on the boundary of complex hyperbolic space. This is precisely 
the standard 3-polycontact structure on 5 4m+3 discussed above. The same construction applies 
to the boundary of octonionic hyperbolic space, i.e., the Cayley plane. Here we obtain a 7- 
polycontact structure on 5 15 isomorphic (up to a point) to the octonionic Heisenberg group 
O x ImO. See [Mo73] for details of the geometry involved in these well-known examples. 

An early definition of a generalized contact structure is Ying-yan Kuo's notion of almost 
contact 3-structure [Ku70]. Kuo's definition is rather loose and, in general, his "almost" contact 
3-structures are not polycontact. A much more rigid sort of structure, also defined by Kuo, are 
the 3-Sasakian manifolds. A 3-Sasakian manifold is the boundary of a cone that is hyperkahler 
(see, for example, [BGM93]). More recently, Olivier Biquard introduced quaternionic contact 
structures [Bi99], loosening the notion of 3-Sasakian manifolds so that more general boundaries 
of hyperbolic hyperkahler spaces are quaternionic contact manifolds. 

Biquard's definition is as follows. 

manifold M with Riemannian metric g is 3-Sasakian if the holonomy group on the metric cone M x ]R >0 
with metric t 2 g + dt 2 reduces to Sp(m+1). In particular, M x R >0 is hyperkahler. 
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Definition 8. A quaternionic contact structure on a smooth manifold M 4m+3 is a distribution 
H c TM of rorank 3 equipped with a conformal class of metrics [g]; a (locally defined) triple 
of almost complex structures J\,J2,Js 6 End(iT) satisfying the quaternionic relations J 2 = J 2 = 
jf = J1J2J3 - -1/ and a (locally defined) triple of 1- forms r\ = (7/1,772,773) such that H = hern and 
such that rji is compatible with the almost complex structure Ji, 

d>m\H = g(Ji-,-) i = 1, 2, 3 

To understand the definition recall that a manifold with distribution is a contact manifold if 
and only if all tangent groups are isomorphic to the Heisenberg group C m x ImC. Likewise, it is 
not hard to see that a manifold with distribution H of corank 3 is quaternionic contact if and 
only if all the tangent groups are isomorphic to the quaternionic Heisenberg group H' m x ImM. 
However, the automorphism group of H m x ImH is strictly larger than CSp m Sp\, which is the 
structure group of a quaternionic contact distribution H. To reduce the structure group to 
CSp m Spi (and thus induce a quaternionic contact structure) requires precisely the choice of a 
compatible conformal structure in H. Thus, a conformal structure in the distribution H is part 
of the quaternionic contact structure. 

Since the tangent groups are Heisenberg type groups, every quaternionic contact manifold 
(and, by implication, also every 3-Sasakian manifold) is a 3-polycontact manifold. The converse 
is not true in general, because the quaternionic Heisenberg group is not the only 3-polycontact 
group. However, Proposition [6] implies that in the presence of a compatible conformal structure 
in H, the tangent groups of a polycontact structure are necessarily Heisenberg type groups. 
Let's call a polycontact structure H c TM with compatible conformal structure a conformal 
polycontact structure. 

Not all Heisenberg type groups with center of dimension 3 are isomorphic to H m x ImH, but 
there are only finitely many isomorphism classes of Heisenberg type groups of given dimension. 
On a connected manifold with conformal polycontact structure all tangent groups are necessarily 
isomorphic, and so there are only finitely many 'types' of conformal polycontact structure in 
any given dimension. It seems worth asking to what extent the other types of conformal 3- 
polycontact manifolds (i.e., with tangent groups not isomorphic to H m xlmH) are geometrically 
similar to quaternionic contact manifolds. 

As is the case in many other respects, dimension 7 is exceptional. 

Proposition 9. Every 3-polycontact manifold of dimension 7 is quaternionic contact. 

Proof. It suffices to show that every polycontact group G = R 4 x t 3 with center of dimension 3 
is isomorphic to the quaternionic Heisenberg group H x ImH. To see this, consider the natural 
quadratic form on A 2 M 4 , 

q : A 2 R A ® A 2 R A -* A A R A = R : q(u, u')=uau'. 

This quadratic form is degenerate, with signature (3,3). A subspace V c A 2 M 4 of dimension 3 
consists of nondegenerate 2-forms if and only if the quadratic form q is nondegenerate on V . 
We may assume it is positive definite. The action of SX(4,R) on R 4 induces an action on A 2 M 4 
that preserves the quadratic form. In fact, we have 

5L(4,R) -+SO(3,3), 

and this map is two-to-one onto. Thus, we can always pick an element g e SL(4,M) that maps 
any one subspace V to any other such subspace V . Then g implements an isomorphism between 
the corresponding nilpotent groups. 

□ 



On a contact manifold a compatible conformal structure in H is equivalent to the choice of a compatible 
almost CR structure. 
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3.4. Fat Bundles. Fat bundles were introduced by Alan Weinstein in connection with the 
study of Riemannian fibre bundles with totally geodesic fibres and positive sectional curvatures 
[We80]. Let G -*■ P -*■ M be a smooth principal G-bundle with connection 1-form oj. Recall that 
curvature f2 = doj + ^[oj,oj] is a horizontal g- valued 2-form on P. By composing with a functional 
\x € q* we obtain a horizontal scalar valued 2-form /j, o f2 on P. 

Let H c TP denote the horizontal bundle, i.e., the kernel of the connection 1-form oj. If the 
restriction of fi ° to H is zero for every ^ e q* then the connection oj is flat. By contrast, oj is 
fat if the restriction of fi o CI to H is nondegenerate for each non-zero fi e g* \ 0. Since = cL; 
when restricted to H, it is immediate from the definitions that oj is flat iff H is a foliation on P, 
while oj is fat if and only if H defines a polycontact structure. (The example of fat bundles was 
pointed out to me by Sean Fitzpatrick [Fill].) 

A fat principal S^-bundle is the same as a regular contact manifold. In general, a fat bundle 
is the same as a polycontact manifold with a transversal principal G-action preserving the 
polycontact distribution. Various examples of fat bundles (and hence of polycontact manifolds) 
are discussed in [We80]. In particular, a result of Berard Bergery, quoted in [We80], implies that 
most of the known examples of positively curved manifolds can be given a polycontact structure 
(at least as of 1980...). 



3.5. CR Structures. Contact structures arise naturally on the boundary of complex domains. 
Let M = d£l be the boundary of a domain Q in a complex manifold. Let H 0,1 be the complex 
vector bundle on M that is the intersection of the complexified tangent space TM <g> C with the 
bundle of antiholomorphic vectors T 0,1 S7 restricted to M. The complex bundle H 0,1 is involutive, 
in the sense that [H 0,1 , P 0,1 ] £ H ' 1 , and is called a CR structure on M. If the domain is 
strictly pseudoconvex, or more generally if the Levi form is nondegenerate, then the real bundle 
H underlying P 0,1 is a contact structure on M. 

In general, a CR structure is a subbundle P 0,1 c TM ® C that is involutive, and such that its 
complex conjugate P 1,0 intersects P 0,1 only in the zero vectors. The codimension p of such a 
CR structure can be strictly greater than one. By definition, the real bundle P underlying a CR 
structure is polycontact if and only if the Levi forms 9 o B m are nondegenerate for all m e M, 
9 e A^* \ 0. In the context of CR geometry the term 'Levi form' usually refers to a hermitian 
form on H 1,0 . The hermitian Levi form on H 1 ' is the standard hermitian form corresponding 
to the anti-symmetric bracket B m that we call 'Levi form' here. More precisely, we identify the 
bundle H with its complex structure J e End(i7) with the complex vector bundle H 1,0 in the 
usual way. If B m : H m x H m -*■ N rn is the bracket that defines the tangent group, as above, we 
obtain hermitian forms on H = H 1,0 by 

h e (v,w) = 9[B m (v,Jw) +iB m (v,w)] v,w e H m , 9 e \ 

Then H is polycontact if and only if all the (hermitian) Levi forms hg are nondegenerate. 

In codimension p = 1 strictly pseudo-convex CR structures are of special interest. A CR 
structure of codimension 1 is strictly pseudoconvex if its (hermitian) Levi form is positive- 
definite. Since the sphere SN* t = S^ 1 is connected if p > 1, on a polycontact CR structure of 
codimension p > 1 all nondegenerate hermitian forms hg must have the same signature. But 
because h-g = -hg the signature of the Levi forms must then necessarily of type (n,n). Thus, 
while 'positive-definiteness' of the Levi forms hg is not possible in codimensions p > 1, the 
polycontact condition can be satisfied if the Levi forms have split signature. For example, the 
Heisenberg type groups C(2,n) = C 2n x C are examples of polycontact CR structures of (real) 
codimension p = 2, with Levi forms of signature (n,n). 
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4. The Heisenberg Calculus on Polycontact Manifolds 

The Heisenberg calculus is the natural pseudo-differential calculus associated to the pair 
(M,H). It was introduced by Taylor [Ta84] for contact manifolds, developing ideas of Fol- 
land and Stein related to the analysis of operators associated to CR structures [FS74]. Beals 
and Greiner [BG88] develop the calculus for arbitrary distributions of codimension 1. As pointed 
out to us by the referee, the results in [BG88] hold verbatim for arbitrary distributions of codi- 
mension > 2. Other good references for the Heisenberg calculus are [EM03, CGGP92, Po08]. 

4.1. Brief Overview of the Heisenberg Calculus. Like any pseudodifferential calculus, the 
Heisenberg calculus consists of linear operators 

P: C°°(M) ^C°°(M), 

whose Schwartz kernel K e V'(M x M) is smooth off the diagonal in M x M, and has an asymp- 
totic expansion K ~ £ K 3 near the diagonal. The terms K 3 in the expansion are homogeneous 
in a suitable sense (see below), and the highest order part K° can be interpreted as a family of 
convolution operators on the nilpotent tangent groups. 

We shall denote by ^ d H {M) the space of Heisenberg pseudodifferential operators of order d 
on M, and by S%{M) the space of homogeneous Heisenberg symbols of degree d. Recall that 
if g* = H* © N* is the dual of the Lie algebra bundle for the the tangent groups, then Sfj(M) 
consists of smooth functions on g* \ that are homogeneous of degree d with respect to the 
natural dilations 6 S ong^meM defined by 

S s a,e) = (s^s 2 9), tzH* m , 0eiV*, s>0. 

The highest order part in the expansion of the Schwartz kernel for an operator P e tyfj(M) 
is a well-defined distribution on the bundle of tangent groups H ® N - u me MG m . The Fourier 
transform of this distribution (in each fiber) is the principal symbol crfj(P) e Sfj(M). The full 
symbolic calculus gives an asymptotic expansion of symbols of the product of two Heisenberg 
pseudodifferential operators, and the principal parts multiply according to a suitable product 
law for homogeneous symbols, 

#:S a H (M)xS b H (M)^S a H +b (M). 

The # product is dual to convolution of homogeneous kernels on the tangent group G m = H m x 
N m , and so it is not the usual pointwise product of functions. If the tangent group is nonabelian 
the # product is noncommutative. However, when we restrict symbols to H* \ c q* \ then 
the product agrees with pointwise multiplication of functions, 

(<Ti#<7 2 )(m,0 = ai(m,0<T 2 (m,0, m e M, £ e H* m x 0, <jj e 5§(M). 

Hermite operators ifj(M) c ^> d H (M) are operators whose symbol vanishes on H* \ 0. We denote 
the algebra of Hermite symbols of order zero as 

S$(M) = {a e S° H (M) | a(m,O=0 V(m,0 \ 0}. 

The terminology 'Hermite ideal' is taken from [EM03] and the notation S^(M) is borrowed 
from [Ta84] . The relevance of the Hermite ideal for our purposes is due to the following lemma. 

Lemma 10. Let M be a connected closed manifold with distribution H c TM. An idempotent 
in the Heisenberg calculus *&' H (M) is either a Hermite operator of order zero, or it is of the form 
1 - x where x is an idempotent that is a Hermite operator of order zero. 

Proof. Suppose P e ty d H (M) and P 2 = P. Then P is necessarily of order zero (or of order -oo, 
in which case it is also order zero). Moreover, the restriction of the symbol <r^-(P)(m,^) to 
H* \ is an idempotent function, i.e., it has range {0,1}. Since H* \ is connected, either 
cr° ¥ (P)(m,£) = for all (m,£), in which case P e Ijj(M), or o#(P)(m,£) = 1 in which case 
P = 1 - x with x e Iff(M). The lemma follows since (1 - x) 2 = l- x implies x = x 2 . 
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□ 



4.2. Idempotents. Let us denote by <r v (m,h,9) the inverse Fourier transform of a(m,^,9) 
with respect to the variable £ e JET*. We will write a y (m,9) e S(H m ) for m e M, 6> e iV* \ 0. 
Regardless of the geometric nature of the distribution H, the product of symbols o~ v (m,9) in 
the Heisenberg calculus can be expressed as 'twisted convolution' of functions in the Schwartz 
class S(H m ). In general, convolution twisted by a group cocycle u :R" x M n -*■ U(l) is given by 



where the convolution is twisted by the cocycle 
w m ,e(h,h') =exp(-~0oB m (h,h')). 

The Schwartz class S{H m ) is dense in the twisted convolution C*-algebra C* (H m , Bg), which 
is a well-known C*-algebra whose structure is easy to describe. As usual, the C*-algebra of 
compact operators on separable Hilbert space is denoted K,. 

Lemma 11. Let V = MP be a real vector space, and B:A 2 V ->lo two-form on V. Let W denote 
the kernel of B, i.e., the set of vectors w for which B(v,w) - for all v e V. If B is not zero, 
then the twisted convolution algebra C*(V,B) is isomorphic to Cq(W* ,K) . In the degenerate 
case where B = and so V = W we have simply C*{V,B) = Cq(V*). 

Proof. If B is symplectic then W = {0} and the twisted convolution algbera C*(V, B) is the well- 
known Weyl-algebra, which in its regular representation on L 2 (V) corresponds to the algebra of 
compact operators. In general, the quotient space V/W is symplectic. Denote the symplectic 
form on V/W by uj. Choose a complement V = W © W' , then W' inherits the symplectic form 
U). The Fourier transform in W then gives an isomorhism 



But now C* (W ,u>)) = /C, assuming W' is not zero. The degenerate case B = 0, on the other 



Corollary 12. The C* -algebra C*(H m ,Bg) contains a nonzero idempotent if and only if Bg is 
nondegenerate. 

Proof. Idempotents have norm 1, and so Cq{W* ,IC) cannot contain any idempotents unless 



Any family of convolution C*-algebras C* (M q ,ui x ) with continuously varying ?7(l)-valued 
cocycles u x ,x e M n , constitutes a continuous field over W 1 [Ri89]. For our purposes, the main 
import of this fact is that the C*-norms ||cr v (m,^)|| depend continuously on (m,9) e S*N, which 
one can also verify directly without much trouble. 

Proposition 13. Let (M, H) be a connected manifold with distribution. If the Heisenberg algebra 
contains an idempotent with infinite dimensional kernel and range, then M is polycontact. 

Proof. By Lemma [TUI it suffices to consider the Hermite ideal I^j. Suppose P e 1^ is a projector 
with infinite dimensional kernel and range. Then the symbol a = o~h{P) of P is a nonzero pro- 
jector (or else P would of order -1, and hence compact). Since each cr v (m, 9) is an idempotent in 
C* (H m , Bg) the C*-norms ||<7 v (m, 9)\\ are either or 1. Since the norm ||o" v (m,0)|| is continuous 
in (m,9) it is a locally constant function. In corank p > 1 the sphere bundle S*N is connected, 
and it follows that cr v (m, 9) is nonzero for every (m,9). By Corollary [T2| this implies that 9oB m 
is nondegenerate for all (m,9), which means that M is polycontact. 




C*(V,B) = C (W*,C*(W',oj)). 



hand, is clear. 



□ 



W = {0}. 



□ 
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In corank p = 1 the normal bundle N has one dimensional fiber, and the sphere bundle S*N 
may not be connected. Nevertheless, since M is connected it still follows that either Bg or B_g 
is nondegenerate for every m e M, which, again, implies that the manifold is contact. 

□ 

4.3. The Structure of the Heisenberg C*-algebra. To complete our analysis we pass to 
the norm-completion of the Heisenberg algebra ^>® H {M). Order zero operators are bounded on 
L 2 (M), and the completion of ^ H {M) in operator norm is a C*-algebra that we denote by 
^* H . In general, the C*-algebra is a Type I (even CCR) algebra with a finite decomposition 
series. In [Dy78], Alexander Dynin announced the result that has a decomposition series 
of length 2 if M is a contact manifold (codimension one). Our analysis in the previous section 
implies that this is true for all polycontact manifolds. 

For compact M with distribution H there is the obvious short exact sequence of C*-algebras 

-»■ I* H -+ V* H -> C(S*H) -> 0, 

where 1^, denote the completions of the algebras Ijj(M), ^° H (M) respectively. We need 
to decompose 1* H using the symbol map. For polycontact manifolds the norm completion of the 
algebra of Hermite symbols S < $(M) has a simple description. 

Proposition 14. Let (M,H) be a compact polycontact manifold. Then the C* -algebraic comple- 
tion of the algebra of order zero Hermite symbols Sjf(M), i.e., the quotient L* U \K, is isomorphic 
to C(S* N,JC), the algebra of continuous functions from S*N to JC. 

Proof. Let S*N be the unit sphere bundle of N* for an arbitrary Euclidean structure. Let 
tt*H -* S*N denote the pull-back of the vector bundle H -*■ M along tt :S*N -> M. The vector 
bundle tt*H has a canonical symplectic structure, with symplectic forms 9 o B m in each fiber 
H m Q. Let J e End(7r*"i?) be a compatible complex structure, and let H^F be the associated field 
of Bargmann-Fok Hilbert spaces over S*N. This field is constructed in exactle the same way as 
on contact manifolds (see [EM03]). The Bargmann-Fok representations ir„ h g of the algebra of 
Hermite symbols induce canonical isomorphisms 

7T m ,e-- C*(H m ,B e )=1C(H* F e ). 

Therefore the completion Ijj/JC of S^f(M) can be identified with the C*-algebra of sections in 
the continuous field over S*N with fibers K.{Hg F e ). But every field of (infinite dimensional) 
Hilbert spaces over a manifold is isomorphic to a trivial field ([Di64], Lemma 10.8.7), which 
proves the claim. 

□ 

We see that for every compact polycontact manifold we have a decomposition series consisting 
of only two sequences 

-> I* H -» V* H -> C(S*H) -> 

O^IC^Ih -+C(S*N,JC) ^0 

generalizing Dynin's result for contact distributions of codimension one. One easily checks that 
if H is not polycontact then the decomposition series for the Hermite ideal 1* H requires more 
than one sequence. The geometric condition of "maximal non-integrability" of the distribution 
H is thus equivalent to a precise structural feature of the Heisenberg C*-algebra. 

Corollary 15. Let (M,H) be a compact polycontact manifold. Then there exist idempotents in 
the Hermite ideal I^j(M) with infinite dimensional kernel and range. 
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Proof. Clearly there are nonzero projections in Ijj/fC = C(S*N,K), and therefore in I* H . Since 
the pseudodifferential algebra ^^(M) is closed under holomorphic functional calculus it follows 
that non-compact projections exist in the dense subalgebra I° H {M) c I* H . □ 

4.4. Generalized Szego Projections. Because of the strong structural similarities of the 
Heisenberg algebra of polycontact and contact manifolds, the construction of generalized Szego 
projections on contact manifolds of Boutet de Monvel and Guillemin [BG81] or of Epstein 
and Melrose [EM03] carries over without significant change to polycontact manifolds. The 
main import of Theorem [1] is perhaps that "maximal non-integrability" of the distribution H is 
equivalent to the existence of such generalized Szego projections. 

As we have shown, the norm completion of the algebra of Hermite symbols Sjf(M) is naturally 
identified with a continuous field over the compact space S*N with fibers C*(H m , Bg). As above, 
let J be a complex structure in the pull-back vector bundle ir* H S*N compatible with the 
canonical symplectic forms 9 o B m for each (m,9) e S*N. Then an explicit projection in the 
twisted convolution algebra C* (H m , Bg) is given by the formula 

(rn, h, 9) = — L- exp {--0 o B m (h, Jh))) m e M, h e H m , 9 e S(N*) 
(2ir) n 4 

(In the Bargmann-Fok representation of C* (H m ,Bg) this is the projection onto the vacuum 
vector.) Let g(m, <?)(-,-) denote the Euclidean inner product in H* m dual to 9(B m (-,J-)). 
Observe that g(m,t9) = t~ 1 g(m,9). The h <->■ £ Fourier transform of o"q defines an idempotent 
symbol (T 6 S°jf(M), 



a (m,£,9) 



I 2" exp (- 9 (m, #)(£,£}) 9*0 
10 # = 



A generalized Szego projection Sq e \P°(M) with symbol do is constructed following the usual 
procedure, which, just as our proof of Corollary [T5l relies on the closure under holomorphic 
functional calculus of ^° H (M). 

One can similarly generalize the Szego projections of "higher levels" defined in [EM03] to 
polycontact manifolds. 

Remark. According to Proposition [6l if all the tangent groups are of Heisenberg type, then 
there exists a conformal structure for the distribution H that is compatible with the polycontact 
structure. For example, a strictly pseudoconvex CR structure of codimension 1 gives rise to 
a contact structure with compatible conformal structure. Likewise, on a quaternionic contact 
manifold one often considers a compatible conformal structure in H . 

We have seen that such a conformal structure, if it exists, induces a compatible conformal 
structure in the normal bundle N. Given such a conformal structure we then simply have 



[2"exp(-||£|| 2 /ll#ll) 9*0 
10 9 = 



a Q (m,^,9) 

and the Szego projection is uniquely determined up to a compact perturbation. 
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